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Abstract
We study the influence of a periodic perturbation of the effective masses of the nucleons, due to the
assumed semi-classical ultra-light dark matter background, on the motion of neutrons in a gravitational
quantum well. Our focus is on the transition probability between the lowest two energy states, with the
Rabi frequency in the kHz region corresponding to the series of “sweet spot” dark matter masses in the
10−11eV ballpark. The relevant probability is written in terms of the specific mass and of the effective
coupling to the ordinary matter. These parameters can be constrained by the non-observation of any
significant deviations of the measured transition probabilities from the dark-matter-free picture.
PACS numbers: 95.35.+d, 03.65.w, 28.20.v
I. INTRODUCTION
It is well known that most of the direct de-
tection searches [1] for weakly interacting mas-
sive particles (WIMPs), perhaps the most pop-
ular [2] hypothetical form of the Dark matter
(DM), may in a not-so-distant future hit their
conceptual sensitivity floor corresponding to the
irreducible background due to neutrino interac-
tions inside the detectors. Remarkably enough,
the room is narrowing down quickly not only for
the “classical” WIMPs with masses at the level
of tens of GeV or above [3] but, with facilities
like SuperCDMS [4] on the horizon, the same is
likely to happen also for much lighter candidates
with sub-GeV masses. In view of that a lot of
attention has recently been paid to alternatives
to WIMPs, corresponding to very light or even
ultra-light DM (ULDM) candidates such as, e.g.,
axions [5] or other types of scalar fields [6] with
masses reaching deep inside the sub-eV region.
However, the interactions of such a substance
with the ordinary matter is likely to be very dif-
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ferent from the usual particle scattering picture
for WIMPs. Indeed, the observed energy density
in DM yields occupation numbers so high that
the system acts coherently resembling a classi-
cal wave rather than a set of individual quanta.
Hence, in looking for the effects of such a form
of matter in laboratory-based experiments one
may take the advantage of simple quantum me-
chanical systems and consider their response to
the quasi-classical DM background.
Recently the sensitivity of the atomic inter-
ferometry to oscillating scalar ULDM has been
analyzed in [7] for scalar fields φ of masses in
the range 10−24 eV ≤ mφ ≤ 1 eV, corresponding
to the Compton frequency, fφ = mφc
2/h, in the
range of 10−10Hz ≤ fφ ≤ 1014Hz. Indeed, the
linear and quadratic couplings [7] of the Stan-
dard Model (SM) fields with the DM fields give
a modulation of the fermion masses and of the
fundamental constants. This affects the mass of
particles and of the Earth, the former taken into
account by m0 → m0 + δm, the latter by a mod-
ification of the local gravitational acceleration
g0 → g0 + δg.
In this letter we study how a Gravitational
Quantum Well (GQW) experiment can either
detect or constraint these effects due to ULDM,
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through a resonance mechanism between the
ULDM oscillations frequencies and the frequen-
cies associated to the neutron bouncing phe-
nomenon in the GQW [8]. High precison GQW
experiments have already been shown to give
strong constraints on new physics, such as space-
time noncommutativity [9], violation of the
equivalence principle [10], and more.
II. THE GRAVITATIONAL QUANTUM
WELL
The GQW is a system conventionally made
of a quantum particle in a potential well real-
ized by i) a homogeneous gravitational field with
its gradient oriented in the (by definition) verti-
cal direction, say x, and ii) a horizontal mirror
along, say, y (usually placed at x = 0), where
the particle experiences perfect elastic reflection,
see, e.g., [11], and also Fig. 1 here.
The eigenvalue equation, HˆΨs = EsΨs,
s = 1, 2, ..., has well known separable form
Ψs(x, y) = ψs(x)χ(y). Here the eigenfunctions
corresponding to x are those of bound states (as
for any potential well) and, as well known [11],
are given in terms of the Airy function ϕ
ψs(x) = Asϕ(x/x0 + αs) , (1)
where the αs = {−2.338,−4.088,−5.521, ...}
identify the zeroes of ϕ, xs = −αsx0, with
x0 ≡ (h¯2/(2m20g0))1/3. One can introduce a di-
mensionless coordinate z ≡ x/x0+αs, in terms of
which the normalization coefficients are written
as As ≡ (x0
∫+∞
αs
dzϕ2(z))−1/2. The eigenvalues
are
Es = −m0g0x0 αs . (2)
For m0 ' 939.5 MeV, the mass of the neutron,
and g0 ' 9.81m/s2, one has x0 ' 5.87µm, and
m0g0x0 ' 0.603peV.
On the other hand, as the particle is free in
the horizontal direction y, χ(y) corresponds to a
packet of plane waves of continuous energy spec-
trum
χ(y) =
∫ +∞
−∞
g(k)eikydk , (3)
where g(k) determines the shape of the packet
in phase space.
In GQW experiments with neutrons [12, 13],
it has been possible to identify their quan-
tum states, ψs(x), by realizing a horizontal slit
with the upper boundary corresponding to a
scatterer/absorber, above the horizontal mirror.
When the absorber is at a height less than a crit-
ical value, h < hcrits , the neutrons shot into the
slit with energy Es (and greater) do not make it
out on the other side of the apparatus, as they
are absorbed by the scatterer/absorber. This
critical value corresponds to the classical turn-
ing point for that given quantized energy1, that
is, hcrits ≡ Es/m0g0 = −αsx0 = xs. Detailed de-
scription of the experimental set-up can be found
in [12], and in the review [8] (see also Fig. 1 here),
while the report of the first identification of the
lowest quantum state is in [12].
Recently, Nesvizhevsky et al. [13] were able
to measure the critical heights for the first two
quantum states, obtaining the following results
xexp1 = 12.2± 1.8(syst)± 0.7(stat) (µm),
xexp2 = 21.6± 2.2(syst)± 0.7(stat) (µm).(4)
The corresponding theoretical values can be de-
termined from xn = −αnx0 for α1 = −2.338
and α2 = −4.088, and x0 = 5.87µm yielding
x1 = 13.7 µm and x2 = 24.0 µm, corresponding
to the energy eigenvalues E1 = 1.407 peV and
E2 = 2.461 peV. These values are contained in
the error bars, and allow for maximum absolute
shifts of the energy levels with respect to the
predicted values:
∆Eexp1 = 6.55× 10−32 J = 0.41 peV,
∆Eexp2 = 8.68× 10−32 J = 0.54 peV. (5)
In this experiment, neutrons exhibited a mean
horizontal velocity of 〈vy〉 ' 6.5 ms−1.
1 The extent to which the Equivalence Principle can be
said to hold in this experiment is discussed in [8]. In
this letter we do not consider any such violations, i.e.,
for us the inertial and gravitational masses are indis-
tinguishable.
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FIG. 1: A neutron with energy En is absorbed when
the slit aperture h is equal or less than the corre-
sponding classical turning point xs = Es/m0g0 =
−αsx0. In the picture, x1 = 13.7µm, and x2 =
24.0µm, E1 = 1.407 peV, E2 = 2.461 peV. The prob-
ability |ψs|2 is maximal not at xs, but rather at a
smaller value, that in the picture are xmax1 = 7.74µm,
for |ψ1|2, and xmax2 = 18.0µm, for |ψ2|2 . Therefore,
setting h at about 15µm (green line) neutrons in the
state ψ2 should not be seen unless a Rabi transition,
ψ1 → ψ2 induced by ULDM, with probability P12,
takes place. The second energy level, E2, and the
probability function, |ψ2|2, are drawn in dots.
III. ULDM EFFECTS
The interactions of DM fields φ with the
SM matter can be described by the effective la-
grangian densities
−Lintn =
(√
h¯c
Λn,f
)n
mf ψ¯fψfφ
n, (6)
where n indicates the order of the interaction, f
stands for the type of the SM matter under con-
sideration and mf and ψf denote its masses and
field operators, respectively. All these structures
are weighted by the inverse of the relevant high-
energy scales, Λn,f , that also include the a-priori
unknown couplings.
The main implication of (6) is the space-
and time-dependent modulation of the fermion
masses in the ULDM background
mefff
mf
= 1 +
√
h¯cφ(~r, t)n
Λnn,f
, (7)
and, in turn, the variation of the local gravita-
tional acceleration (due to the modulation of the
mass of the Earth) assuming the DM field per-
meates through the Earth body, thus making its
mass change slightly in time [7].
To evaluate how this affects the GQW we
consider the specific case proposed in [7] and
assume that the local gravitational acceleration
and the mass of the neutron both vary periodi-
cally in time as
g(t) = g0 + g1 cos (ωt), (8)
m(t) = m0 +m1 cos (ωt), (9)
where ω = nωφ, with ωφ = mφc
2/h¯.
The motion along the x axis is governed by
the Hamiltonian Hˆ = pˆ2x/(2m) +mgxˆ which, by
(8) and (9), becomes
Hˆ =
pˆ2x
2(m0 +m1 cos(ωt))
(10)
+ (m0 +m1 cos(ωt))(g0 + g1 cos(ωt))xˆ .
Since the corrections due to ULDM interaction
are small, i.e. m1  m0 amd g1  g0, we can
write Hˆ ' Hˆ0 + Vˆ1(t), with Hˆ0 ≡ pˆ2x/2m0 +
m0g0xˆ, Vˆ1(t) ≡ Vˆ1 cos(ωt) and
Vˆ1 = − pˆ
2
x
2m0
m1
m0
+
(
m1
m0
+
g1
g0
)
m0g0xˆ , (11)
that are the expressions we shall consider in eval-
uating the ULDM effects.
A. Time independent corrections
Just for curiosity let us recall that, for n = 1,
the oscillation frequency in terms of the ULDM
mass mφ is given by
fφ = 2piω = 2.4× 1014 (mφ[eV ]) Hz (12)
and that the time of flight of neutrons in the
GQW studied in [8] is T ' 40 ms. Obviously,
for ωT  1, i.e. mφ  6.8 × 10−13 eV, one
can neglect the time dependence in Vˆ1(t) and the
mere effect of the ULDM consists in the shifts in
the energy levels of the unperturbed Hamilto-
nian Hˆ0, E1 and E2. For mφ < 10
−13eV these
can be readily evaluated by looking at 〈s|Vˆ1|s〉,
s = 1, 2, ..., with Vˆ1 in (11), and, in order to be
compatible with the measurement, they should
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be within the maximum allowed shifts ∆E1,
∆E2 of Eq. (5). The numerical calculation, re-
ported in the Appendices, gives
E1
[
m1
m0
0.341 +
g1
g0
0.67
]
≤ 0.41 peV (13)
E2
[
m1
m0
0.333 +
g1
g0
0.667
]
≤ 0.54 peV (14)
where E1,2 are the unperturbed eigenvalues.
Clearly the inequalities (13) and (14) give no
strong bound on such ULDM couplings.
B. Time dependent corrections
For longer transition times or for higher
ULDM Compton frequencies (i.e., larger mφ)
the time dependence of Hˆ can not be neglected.
Moreover, the time variation of Vˆ1(t) may stim-
ulate efficient transitions among different eigen-
states leading, eventually, to much stronger lim-
its. In particular, the 1 → 2 transition prob-
ability is governed by the notorious Rabi for-
mula [14]
P12 =
Ω2
Ω2 + δω2
sin2
(√
Ω2 + δω2
2
t
)
(15)
where δω2 ≡ ω2 − ω212, with ω12 = 2pif12,
f12 ≡ E2 − E1
h
' 254 Hz , (16)
the characteristic frequency, t the time, and
Ω =
1
h¯
〈2|Vˆ1|1〉. (17)
Combining Eqs. (11) and (1) one gets (see Ap-
pendix B)
Ω =
g0m0x0
h¯
(
m1
m0
(I1 + I2) +
g1
g0
I1
)
(18)
where
I1 = x0A1A2
∫ ∞
α1
dzϕ(z − α1 + α2)(z − α1)ϕ(z),
I2 = x0A1A2
∫ ∞
α2
dzϕ(z − α2 + α1)zϕ(z) . (19)
Since, in the case of our interest, m0g0x0 '
0.603 peV (see discussion after Eq.(2)) one ob-
tains
Ω[Hz] = 914.6× δm (20)
where
δm =
m1
m0
(I1 + I2) +
g1
g0
I1 . (21)
Therefore, one can think of preparing the sys-
tem so that only the ground state of energy E1
is populated [12, 13]. Then, within a given time
of flight (which, for ultra-cold neutrons with
〈vy〉 ' 6.5 ms−1, is typically of the order of a
tenth of a second but, in settings with reflective
vertical mirrors on the edges of the main horizon-
tal one, it may be stretched significantly) there
is a finite probability for the system to jump to
the first excited state ψ2. The corresponding
probability P12 is, as usual, maximalized at the
resonance, δω2 = 0, i.e. at ω
.
= 1596Hz, cor-
responding, for n = 1, to mφ ' 4 × 10−11eV
(scaling properly for higher n) and obeys
Pmax12 = sin
2
(
Ωt
2
)
' Ω
2
4
× t2 ' 2× 105 δ2m
(22)
for t = 1 s and δ2m  10−5. Therefore, an exper-
imental limit on P12 gives a bound on δ
2
m.
Concerning the apparent smallness of Pmax12
for more realistic values of δm two comments are
in order. First, with reference to Fig.1, one can
think of a detector that can distinguish between
the ψ1 and ψ2 states (with some efficiency),
placed at the end of the apparatus. Then, al-
though the transition probability P12 is small,
even a handful of observed events of the ψ2 type
may constitute the desired signal. Second, after
a DM quantum φ has been absorbed by the neu-
tron, inducing the transition 1→ 2, it may then
be emitted again, inducing the transition 2→ 1
(with P21 = P12, see Appendix B ). On the other
hand, the probability of the absorbtion and the
subsequent emission is P12P21 = P
2
12 and, hence,
it is strongly suppressed.
IV. CONCLUSIONS
The ultra-light dark matter is an intrigu-
ing hypothesis that has recently attracted a lot
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of attention as one of the most interesting al-
ternatives to the notorious WIMP paradigm.
Different in many aspects (in particular, high
level of coherence in its interactions with mat-
ter), its laboratory-based searches may often be
performed in table-top experiments focusing on
the response of simple quantum-mechanical sys-
tems on the presence of the corresponding quasi-
classical background perturbations.
In this study, we focus on one of such sys-
tems, namely, the gravitational quantum well
which has been recently subject to an intensive
laboratory study aimed at measuring the ener-
gies of the lowest-laying bound states of neu-
trons bouncing off the horizontal mirror. In
particular, we focus on the influence of a pe-
riodic perturbation modelling the variations of
the effective gravitational acceleration due to
the assumed semi-classical ULDM background
on the transition probabilities of the lowest en-
ergy (quasi-)stationary neutron states passing
through the apparatus. With the Rabi frequency
corresponding to the resonance in the ground
to the first excited state transition amplitude
in the kHz region (leading to a series of “sweet
spot” DM masses mφ[eV] ∼ 4 × 10−11/n with
integer n) we rewrite the relevant probability as
a function of the DM mass and effective cou-
pling to the ordinary matter. These parameters
can be, subsequently, constrained from the the
non-observation of any deviations of the mea-
sured transition probabilities from their theoret-
ical ULDM-free spectrum.
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Appendix A: Time independent correc-
tions
The time independent corrections require the
calculation of the matrix elements 〈s|Vˆ1|s〉 with
t = 10 s
t = 1 sω = Ω
2.×10-6 5.×10-6 1.×10-5 2.×10-5 δm
10-6
10-5
10-4
0.001
0.010
P1→2
FIG. 2: Transition probability vs δm at the resonance
δω = 0, i.e. for mφ = 4.18 × 10−11 eV (provided
n = 1; for higher n the mφ down-scales accordingly),
for two different times of flight, t = 1 s and t = 10 s.
For a specific choice of P12 the allowed region for the
effective dark matter coupling δm stretches below the
corresponding curve.
s = 1, 2, ... and Vˆ1 in Eq.(11), i.e.
〈s|Vˆ1|s〉 =
∫ ∞
0
∫ ∞
0
dxdx′〈s|x〉〈x|Vˆ1|x′〉〈x′|s〉
(A1)
where the eigenfunctions are real, ψ∗s(x) =
〈s|x〉 = 〈x|s〉 = ψs(x), and given by the Airy
function, ψs(x) = Asϕ(x/x0 +αs). In particular
〈s|xˆ|s〉 =
∫ ∞
0
dxψs(x)xψs(x)
= A2s
∫ ∞
0
dxxϕ2(x/x0 + αs)
= A2sx
2
0
∫ ∞
αs
ϕ2(z)(z − αs)dz
= x0(Rs − αs) , (A2)
where
Rs =
(∫ ∞
αs
ϕ2(z)dz
)−1 ∫ ∞
αs
ϕ2(z)zdz (A3)
Since the unperturbed eigenvalues are given by
Es = −αsm0g0x0 , (A4)
the first term of the correction turns out to be
〈s|m0g0xˆ
(
m1
m0
+
g1
g0
)
|s〉
= Es
(
m1
m0
+
g1
g0
)
[1−Rs/αs] (A5)
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Analogously, by using the property of the
derivatives of the Airy function, ϕ′′(z) = zϕ(z),
the second term of the correction yields
〈s| − pˆ
2
2m0
m1
m0
|s〉 = h¯
2
2m0
m1
m0
(m0g0x0)
2Rs (A6)
Putting all together, the final result is
〈s|Vˆ1|s〉 = Es
[
m1
m0
(
1− 2Rs
αs
)
+
g1
g0
(
1− Rs
αs
)]
(A7)
which, by numerical evaluation of Rs, gives (13)
and (14).
Appendix B: Transition probability
For the evaluation of the probability of the
transition 1 → 2, P12, one needs the matrix el-
ement Ω in eq.(17). To compute the correction
due to the position dependent term one needs
(see before)
〈2|xˆ|1〉 =
∫ ∞
0
dxψ2(x)xψ1(x) (B1)
= A1A2
∫ ∞
0
dxϕ
(
x
x0
+ α2
)
xϕ
(
x
x0
+ α1
)
= A1A2x
2
0
∫ ∞
α1
(z − α1)ϕ(z)ϕ(z − α1 + α2).
To compute the correction due to the momentum
dependent term one needs
〈2|p2|1〉 = −h¯2
∫ ∞
0
dxψ2(x)
d2
dx2
ψ1(x) (B2)
= −h¯2A1A2
∫ ∞
0
dxϕ
(
x
x0
+ α2
)
d2
dx2
ϕ
(
x
x0
+ α1
)
= +h¯2A1A2
∫ ∞
0
dx
d
dx
ϕ
(
x
x0
+ α2
)
d
dx
ϕ
(
x
x0
+ α1
)
=
A1A2
x0
∫ ∞
α2
zϕ(z)ϕ(z − α2 + α1).
where the third line comes from partial integra-
tion, and we used ϕ(+∞) = 0 = ϕ(α2).
By combining the previous results one gets
h¯Ω = (m1g0 +m0g1)x0I1
+
h¯2
2m0
m1(1/x
2
0)I2, (B3)
with I1, I2 in Eqs.(19), which, after simple alge-
bra, gives Eq.(18).
Notice the explicit symmetry 1 ↔ 2 of the
second line of the expression (B1) and of the
third line of the expression (B2), that proves
P12 = P21.
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